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Abstract 

We consider a problem of prescribing the partial Ricci curvature on a 
locally conformally flat manifold (M", g) endowed with the complementary 
orthogonal distributions Di and D2- We provide conditions for symmetric 
(0, 2)-tensors T of a simple form (defined on M) to admit metrics g, con- 
formal to g, that solve the partial Ricci equations. The solutions are given 
explicitly. Using above solutions, we also give examples to the problem of 
prescribing the mixed scalar curvature related to Di. In aim to find "opti- 
mally placed" distributions, we calculate the variations of the total mixed 
scalar curvature (where again the partial Ricci curvature plays a key role) , 
and give examples concerning minimization of a total energy and bending 
of a distribution. 
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Introduction 

Let Di and D2 be smooth complementary orthogonal distributions on a Rieman- 
nian manifold {M",g) with the Levi-Civita connection V and the Riemannian 
curvature tensor R. Assume that dim Di = pi > {i = 1,2), dimM = n, n = 
Pi + p2. Let ei, . . . e„ be a local orthonormal frame adapted to Di and D2, i.e., 
Cj G Di for i < pi and Cq, G D2 for a > pi. The mixed scalar curvature is given 
by K12 = ^ 5'(-R(ej, eQ,)e„, Cj), see [S], [H]. We call the partial Ricci curvature 
related to Di the symmetric bilinear form Rici{x,y) = 5'(-R(eQ,, x)?/, Cq,) 

on the tangent bundle TM. The definition for Ric2(a;,?/) is similar. Indeed, 
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Ki 2 = TrgRiCj|£)^ for i = 1,2. We are interested in the problem that concerns 
"optimally placed" distributions 

(Po) Find variational formulae for the functional Ik '■ Di ^ Jj^^ Ki^2 vol. 

The variational formulae for Ik (and for i-th mean curvatures) related to codi- 
mension one distributions on a compact {M,g) are developed in |T0]. In the 
paper we consider distribution Di of any codimension, represent the first and 
second variations of the total mixed scalar curvature and give examples concern- 
ing minimization of the total energy and bending of distributions. The partial 
Ricci curvatures play a key role in above variational formulae. 

Different aspects of the problem of finding a metric g, whose Ricci tensor is 
a given second-order symmetric tensor T, were considered by several authors, 
see [1], [5]-[7j, etc. The following problems for a differentiable manifold M 
with transversal complementary distributions Di and D2, which generalize the 
classical ones, seem to be interesting: 

(Pi) Given a symmetric {0,2)-tensor T on M satisfying T{Di,D2) = 0, does 
there exist a Riemannian metric g with the properties g{Di,D2) = and either 
RiCj \D,=T\ or [Rici -^-^^1,2 g]\D,=T\D,, where i = 1,2? 

{P2) Given a function K G C{M), does there exist a Riemannian metric g 
on M, whose mixed scalar curvature (related to Di and D2) is K? 

Note that (Pi) for T = asks about existence of either Dj-flat or "Dj- 
Einstein" metrics. (P2) is similar to the known problem of prescribing scalar 
curvature on M; its particular case K = const corresponds to the Yamabe prob- 
lem (of prescribing constant scalar curvature on M). 

We study the problems (Pi) and (P2) on a locally conformally flat {M,g), in 
particular, on space forms, for tensors T of a simple form. We find necessary and 
sufficient conditions on T for the existence of metrics g = {l/(f)'^) g (conformal to 
the metric g) which solve the systems 

a)mciiD.=TiD. (^ = 1,2); b) [rTc, - ^^^1,2^] | a = (^ = 1,2). (1) 

The compatibility condition for ([1]) (a) is Tr^ T| d-^ = Tig T\ with the traces equal 
to Ki,2, while for dUXb) is (1 - P2/2) Tr^ T, = (1 - pi/2) Tr, 2] z?,. 

In Section [1] we determine all tensors T of (Pi), the functions K of (P2) 
and the corresponding metrics g that solve the systems ([1]). Theorems [T]-|l] and 
Corollaries extend recent results of [3] - [7] (where Di = TM and D2 = 0) 
to cases of the partial Ricci and the mixed scalar curvatures of distributions. 
In Section [21 in aim to find "optimally placed" distributions, see (Po), we calcu- 
late the first and second variations of total K12 using the partial Ricci curvature, 
and give examples concerning minimization of a total energy and bending of a 
distribution. Section [3] contains proofs of results. 
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1 Prescribed partial Ricci curvature 



We start with the solution to (JT]), see (Pi), at a point q G M. (The constant 
curvature metrics are solutions to Ricj|£). = \ig\D, at one point). Let M be a 
neighborhood of the origin O in R" = x W"^, and Di {i = 1, 2) is tangent to 
the i-th factor. 

Proposition 1 Let a diagonal n-by-n matrix T satisfies Yli<pi ~ X]a>pi ^aa- 
Then the metric g in a neighborhood of O in MJ^ = x satisfying ^^(a) 
at the origin, can be selected in the form g = J21.=i ~ J2b<n^bbXb)^^"' ® ^^"j 
where, for example, Ca = Tii/p2 {I < i < Pi), c^a = {Taa ~ K/P2)/Pi (Pi < « < 
n), and C > is large enough. 

Next we will represent the formulae relating partial Ricci and mixed scalar 
curvatures for two conformal each other metrics on M with distributions Di,D2. 
(Notice that the conformal change of a metric g preserves the orthogonality of 
Di and D2.) 

We call A^^V = J2i<p^ K{ei,ei) and A^^V = Z]a>pi Ki^^^^a) the Di- and 
D2-laplacian of 0, resp., where /i^ is the Hessian of (p. (The Hessian of (j) is 
the symmetric (0, 2)-tensor h^{x,y) = g{S{x),y), where S(x) = V^V^ is a self- 
adjoint (1, l)-tensor, and is the gradient of (p.) Indeed, A*^^) + A*^^) = A. Let 
M" _ ]^pi X ]^P2 > 0) be decomposition of Euclidean space. The partial 

laplacians are = ^^^^^ and A(2) = ^^^^^ 

Proposition 2 Let (M, g) be a Riemannian manifold with complementary or- 
thogonal distributions Di,D2, and : M — > R+ a smooth function. The par- 
tial Ricci curvatures and the mixed scalar curvature transform under conformal 
change of a metric g = {l/(f)'^)g by the formulae 

mci = Rici + [p20/i0+ (0A(2)0-p2|V0|2)(7]/0', 

mc2 = Ric2 + [pi0/i0+ (0A(iV-Pi|V0p)(7]/0', (2) 

Ki,2 = 0'i^i,2 + 0(piA(2)0 + p2AW0)-piP2|V0p. (3) 

Corollary 1 Given two complementary orthogonal distributions Di and D2 on 
(M, g) with mixed scalar curvature K , let g = u^'^g be a conformal metric, where 
u > is a function on M, and 7 = {piP2/n — ^)^^- Then the mixed scalar 
curvature K of g satisfies the PDE 

- 7(piA(2) +P2A(^))m ^j^^^ Ku^^-\ (4) 

Remark 1 One may extend above formulae for a pseudo-Riemannian metric. 
The formulae ([2]) and dl]) are similar to the classical formulae (see, for example. 
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[B]) for the Ricci curvature 



Ric - Ric = [{n - 2)cf> + (0 A0 - - 1) | V0p) g] /(p ^ 
n — 2 

We will consider the problem (Pi) for a neighborhood V C M" of a locally 
conformally flat space. Suppose that there are coordinates (xi, . . . , x„) on V with 
the metric gij = Sij/F"^, where F > is a different iable function on M. We will 
fix on V canonical foliations J^i = {x^ = Ca, a > pi} and J-2 = {xj = Ci, i < pi}, 
Ci,Ca G M, consisting of coordinate submanifolds. Let D2 = TJ^i and Di = TJ^2 
be their tangent distributions. 

Theorem 1 Let {M^,g) be a locally conformally flat Riemannian manifold with 
complementary orthogonal distributions Di,D2 of dimensions pi,P2 > 2, and 
V C M" an open set with coordinates {xi, . . . ,Xn) such thatgij = 6ij/F'^. Suppose 
that T is a symmetric {0,2)-tensor with the properties 

Tij = fi6ij, Tap = f2Sai3, = (z, j < pi, a, (3 > pi), (5) 

where /i,/2 G C^{V). Then, in any of cases (a) or (b), there is a metric 
g = {l/(t?)g solving the problem (QP if and only if (pF = J2i<p-^i'^i^f + ^i^i) + 
Ea>pi ("-2^1 + + and 

a) /i = -P2[A - 2(a2 - ai)/i]/0^ /a = -pi[A - 2(a2 - ai)/i]/0^ (6) 

b) fi = ^^|^[A - 2(a2-ai)/i], /2 = ^^|^[A - 2(a2-ai)/i]. (7) 

Here ai, 02, fefc, c G M, and 

A = 6^)-2(ai+a2)c, /i(x)='^ (aix- (a2a;i+&aa;a). (8) 

Corollary 2 Lei Di,D2 be tangent distributions to canonical foliations on the 
Euclidean product space (M" = M^^ x M^^^^^^^ andpi,p2 > 2. Suppose that T is 
a symmetric {0,2)-tensor satisfying where /i,/2 G C"'^(]R"). Then there is a 
metric g = {l/(j)'^)g solving the problem (J\) (in any of cases (a) or (b)) if and 
only if(f) = J2i<p^ + biXi) + J2a>pi i^^^xl + baXa) + c, and fa, fp are given by 
IQj, (0), where ai,a2,bk,c G M, and A, fi{x) are defined in A non-complete 
metric g is defined on M", if either 01,02 > and -^Ylibf + '^Yla^a < 4c or 
ai,a2 < and ^ Yli ^? + ^ Yla > 4c. In other cases, excluding the homothety, 
g has singular points. 

Example 1 If Oj = a in Corollary |2l then ^^1^2 = — P1P2A defined in ([8]), and the 
singularity set of g can be exphcitly described in terms of A. Namely, if A < 
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then a non-complete metric g is defined on R", and if A > tlien, excluding the 
homothety, the set of singularity points of g consists of 1) a point if A = 0; 2) a 
hyperplane if A > and a = 0; 3) an {n — l)-dimensional sphere if A > and 
a ^ 0. 

One may consider the pseudo- Euclidean space (M."-,g) with the coordinates 
X = (xi, . . . ,Xn) and the metric gkm = ^k^km, Cfc = ±1- Then, for example, in 
case (a) of Corollary |2]for ai = 02 = a, we have = ^fc=i(efc0.a^fc + bkXk) + c, 
where pi Ea>pi e„ = P2 Y.i<p^ e^, and /i = -p2A/0^ - (2a/0)(p2 - Ea /2 = 
-piA/02-(2a/0)(pi-E.e.). 

Example 2 We will discuss our results, when M is the hyperbolic space (H", g), 
represented by the half space model W^, > 0, and gij = Sij/x"^. For any 
pair of integers pi,p2 > 0, pi + P2 = n, denote by J-" a foliation by p2-planes 
{x} X W^, where x = {xi, . . . , Xp-^, 0, . . . , 0). Let D2 be the distribution tangent 
to J-", and Di its orthogonal complement. Using F = a;„ in Theorem [T], we obtain 

(l)Xn = Ei<pi(«ia;? + hXi) + Y.a>pM^^» + ^°^°) + 

If Oi = 02 = a, the mixed scalar curvature K12 = — P1P2A. Moreover, in this 
case a non-complete metric g is defined on H" whenever (i) A < 0; (ii) A = and 
a = (hence c 7^ 0); (iii) A = 0, a 7^ and 6„/a > 0; (iv) A > 0, a = 0, bk = 
for /c < n and c/6„ > 0; (v) A > 0, a 7^ and 6ri/a > \/X/\a\. Otherwise, the 
singularity set of g consists of intersection of a hyperplane or a sphere with the 
half-space x„ > 0. 

We show (i)-(v) in case a). From and Ricj = 0, we get K12 = — P1P2A. 

If A < then g is defined on H" and T is positive definite. Let A = 0. If 
a = then 6^ = for /c < n, = c/x„ 7^ and g is defined on H". If a 7^ 0, 
then if bn/C^a) > then g is defined on H"; otherwise, if bn/{2a) < then ^ has 
a singularity at the point x = —(61, . . . bn)/{2a). 

Let A > 0. If a = 0, we have two cases. In the first one, we have 6^ = for 
k < n and 6„ 7^ 0. In this case, if c/6„ > then g is defined on H"; otherwise 
if c/bn < 0, then any point of the hyperplane Xn = —c/bn is a singularity point 
of g. In the second case, we have bkg 7^ for some ko < n, then any point 
that belongs to the intersection of the hyperplane {J2k bk^k) + c = with the 
half-space x„ > 0, is a singularity point of g. 

When A > and a 7^ 0, if bn/a > \/X/\a\, then g is defined on H". Otherwise, 
if bn/a < \/X/\a\, then any point p of the (n — 1) -dimensional sphere centered at 
the point of coordinates x = —(61, . . .bn)/{2a), with radius VX/{2\a\), such that 
p is the half space Xn > 0, is a point of singularity of g. The case b) is similar to 
case a). 

The next theorem extends Theorem [1] to the tensors T such that Tj^^ = 
Z]i<pi fii^k) dxj and T|D2 = Y.a>p^ fa{xk) dxl, with a fixed index k <pi. 
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Theorem 2 Let {M'^^g) he a locally conformally flat Riemannian manifold with 
complementary orthogonal distributions Di,D2 of dimensions pi,P2 > 3. Let 
V C M" be an open set with coordinates {xi, . . . ,Xn) such that (jij = Sij/F"^. 
Consider a symmetric {0,2)-tensor T satisfying 

Tij = fi{Xk)Sij, To/3 = fa{Xk)Sal3, Tia = (z, j < pi, a, (3 > pi) , (9) 

with a fixed k < pi. Suppose that the functions fi, fa G C^{V) are not all con- 
stants and are not all equal. Then, in any of cases (a) or (b), there is a metric 
g = g/cj)^ solving the problem (QP if and only if there is a differentiable function 
U{xk) on V such that (pF = and 

a) fk = P2U", f- = -P2U'' {i^k), fa = U" - {pi-l)U'' {a > p,), 

b) fk = \p2{U" + (pi-l)t/''), /. = -\p2{U" - ip^-3)U") {i ^ k), 

fa = ^{P2 - 2)[(pi - 1)U" - U"] (a > pi). (10) 

Corollary 3 Let Di,D2 be tangent distributions to canonical foliations on the 
Euclidean product space (M" = R^^ x R^'^, g) with pi,p2 > 3. Consider a sym- 
metric {0,2)-tensor T with the properties ^ for a fixed k < pi. Suppose that 
the functions fi, fa ^ C^(R") are not all constants and are not all equal. Then, 
in any of cases (a) or (b), there is a metric g = {l/(f)'^)g solving the problem 
if and only if there is a differentiable function U{xk) such that cf) = and / fiOj) 
holds. If (p < C for some constant C > 0, then the metrics are complete on R". 

Example 3 (i) In the case (a) of Theorem [21 assuming that all functions fi, fa 
are constant, we obtain U = axk + h and = e"^'= where a, 6 G M. 

(ii) Consider the function U = —xl"^ for some fixed k < pi and m G N. In 
conditions of Corollary [3l case (a), we obtain fk = -2m(2m - 1)^23;^'""^ < 0, 

-4m2p2xt'^"^ < and fa = -2mxl"'-^[2m-l + 2m{pi-l)xl"'] < 0. Hence 
Ricj < (i = 1, 2). By Corollary [3l the metric g is complete on R"-. 

(iii) Consider the periodic function U = sinx^ for some fixed k < pi. In 
both cases of Corollary [31 the metric g is periodic in all variables, and it can 
be considered as a complete metric on a cylinder or an ra- dimensional torus. 
The mixed scalar curvature of g, Ki^2 = —p2e'^^^^^''[siiaxk + {pi — l)cosxfc], 
takes positive and negative values. Case (b), (p = e*^™^'*, can be considered as 
an example of tensors T defined on a flat torus with a pair of complementary 
distributions Di, that admits a solution to the case (b) of ([I]). 

(iv) From Theorem [21 with F = x„, we obtain results for a half-space (R",^) 
with the hyperbolic metric cjij = 6ij/x^. If U = —x"^, where m G N, then 
g = g / (f)"^ is a complete metric on R" and the partial Ricci curvatures are negative, 
the calculations are similar to (ii). 
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In Theorem El Tp^ = Yji<pjii^k,xs) dx} and Tp^ = a>pJo^i^k,xs) dx^ 
have fixed indices k < pi and 6 > pi. 

Theorem 3 Let {M"',g) be a locally conformally flat Riemannian manifold with 
complementary orthogonal distributions Di,D2 of dimensions pi,p2 > 3. Let 
V C M" be an open set with coordinates {xi, . . . ,Xn) such that (jij = 5ij/F'^. 
Given k < pi and 6 > pi, consider a symmetric (0, 2) -tensor T with the properties 
Tij = fi{xk,xs)Sij, Tap = fa{xk,xs)Sap, and = {i,j < pi, a,/3 > pi), where 
the functions fi, fa G C'^{V) are not all constants and are not all equal. Then, 
in any of cases (a) or (b), there is a metric g = g/(p'^ solving the problem IjJ^ if 
and only if there are differentiable functions v{xk),w{xs) such that (pF = v -\-w, 
where 



a) fk = 


[iP2v" + w"){v + w) - P2 (f'^ 


+ w'')]/iv + wf, 




fs = 


[{v" + piw"){v + w) — pi {v' 








f5-piw"/{v + w) {\/a^6), 


f^ = fk-p2v"/{v + w) (Wt^k), 


(11) 


b) fk = 


[^{{2-p2)v" + piw"){v + w) 


+ P2{pi-l)iv'^ + W'^)]/{V + Wf, 




fs = 


[^{P2v" - {pi-2)w"){v + w) 


+ PliP2-l) {V'^ +w'^)]/iv + wf, 




fa = 


fs-piw"/{v+w) (Va^5), 


f^ = fk-P2v"/{v+w) {\/l^k). 


(12) 



Theorem 4 Let {M^,g) be a locally conformally flat Riemannian manifold with 
complementary orthogonal distributions Di,D2 of dimensions pi,p2 > 3. Let 
V C M"' be an open set with coordinates such that cjij = 6ij/F'^. 

Consider a non-diagonal symmetric {0,2)-tensor T with the properties Tij = 
fij{xi,Xj), Tap = fa{xa,xp), and Tia = {i,j < Pi, a,f3 > pi), where fAB e 
C^iy). Suppose that the functions fi, fa ^ C^iV) are not all constants and are 
not all equal. Then, there is a metric g = g/ cf)^ solving the problem ^(a) if and 
only if up to a change of order of Di and D2, one of the following cases occur: 

(i) fi2{xi, X2) is any nonzero differentiable function, fij = for all i ^ j such 
that i > 3 or j > 3 and (j)F = ip{xi,X2) is a non-vanishing solution to the PDF 

^,x^X2 = (/l2M)<^- 

(ii) There is an integer p G [3,pi] such that fij = 0, ifi^j,i>p-\-l or 
j > P + 1- Moreover, there exist non-constant differentiable functions, Uj{xj), 
for I < j < p such that for all i,j, 1 < i ^ j < p one of the following holds: 

f- - = p^U'i U'j and F = a e^^-^ + 6 e~ ^^=1 , (13) 

f = -p^U-U' and (f)F = acosij"" Uj) + bsiniy^" Uj), (14) 

where a, 6 G M and + h"^ > 0. Moreover, in each case is defined on an 
open connected subset of V, where it does not vanish. (The solution to ^^(b) is 
constructed similarly.) 
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Remark 2 If {M'^,g) is the Euclidean space, and |u'(x5)| < C and < 

< C for some constant C > 0, then the metrics given in Theorems [3] and 
Hlare complete on M". 

By considering u = {4>F) ^"Pipz/" and the mixed scalar curvature K obtained 
from the partial Ricci tensor T|£).), as a consequence of Theorems [T]-|ll case (a), 
we present C°° solutions to the non-linear PDE's of the type (jl]) 

{pi^^'+P2^ )u+{\—piP2/n)Ku 1-P1P2/" = 0, pi+p2 = n. (15) 

We will show that for certain functions K, depending on functions of one variable, 
or an arbitrary constant, there exist conformally flat metrics g, whose mixed 
scalar curvature is see (^2)- 

Corollary 4 Let K is given by 

(i) — piP2[A + 2(02 — ai) fJ>{x)], where ai, 02, bk, c G M, and A, ^{x) are defined 
in igj. 

(ii) P2 e^^[U" — (pi — l)f/'^], where U{xk) is a differentiable function, for some 
k < pi. 

(iii) {v+w){p2v" +piw")—pip2{v''^ +w''^) , where v{xk), w{xs) are differentiable 
functions, for some k < pi, 6 > pi. 

(iv) p,(af~bf-')[ZjiUf+U^')+p,^^^E,U','],whereU,ix,) (1 < j < p) 

are non-constant differentiable functions, 3 < p < pi, + > and f = e^i^^ . 
Then / I73]) has a solution, globally defined on R", given, resp., by 

(i) « = [Ei<pi(«ia;i + hxi) + T^aypM^xl + h^x^) + c]^"^'^'/". 

(ii) u = e(i"PiP2/n)t/. 
{iii) u = {v + wy~P'P^/'''. 

(iv) u = {af + bf-y-P^P''/'' . (Ifa = l and 6 = 0, then K = p2e^^^' [{pi + 
1) U'j^ + Ei U';] and ^^ has a solution u = e^^-P^P^I'')^,^K A solution to 
( 173]) corresponding to (fm j is constructed similarly). 



2 The variational formulae for the total mixed 
scalar curvature 

Now let Di = D and D2 = be a pair of complementary orthogonal distribu- 
tions on a compact Riemannian manifold {M,g). 

Definition 1 Let pi < P2, and 6ij the Kronecker symbol. For any point q & M 
and orthonormal bases Cj {i < pi) of Di{q) and C,j (j < P2) of Di{q)^, consider 
the bilinear form Xq{uj, uj) = YlTj=i ^ij ^3 with the coefficients 

= [(Rici -Ric2)(0,^j) - (Rici -Ric2)(ei,ei)] . . 

+2[g{R{e,,e,)i,,Q+g{R{e,,Qi,,e,)]. ^ > 
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We say that X is quasi- positive if Iq is positive definite for arbitrary adapted 
orthonormal basis {cj, at any g G M \ S, where S is a set of zero volume. 

In next theorem, using the partial Ricci curvature, we calculate the first and 
second variations of the total mixed scalar curvature Ik '■ D ^ Kd d± d vol of 
a distribution of arbitrary dimension p, 1 < p < dim M. 

Theorem 5 A distribution D on a compact Riemannian manifold (M, g) is a 
critical point for the functional if and only if 

(Rici-Ric2)(£',£'^) = 0. (17) 

It is a point of local minimum if the form X (of DefinitionU\) is quasi-positive. 

Let codimD = 1, and N D he a. unit vector field on a domain V C M. 
Then Ric2(£',£'^) = and ([I7D is reduced to Ric(x,A^) = (x G D). Only 
one term of X is presented: $ii = Ric(^i,,^i) — Ric(iV, iV). Hence, X is positive 
definite at g G M if and only if Ric(a;,a;) — R.ic{N, N)\x\'^ > for all non-zero 
a; _L in T^M. With this remark, we have the following. 

Corollary 5 ( |10] ) A unit vector field N orthogonal to a codimension-one dis- 
tribution D on a compact Riemannian manifold (M, g) is a critical point for the 
functional I2 ■ N ^ J^^ Ric(A^, N) d vol, if and only if 

Ric(iV,x) = MxeD. (18) 

It is a point of local minimum if the form X2^n is positive definite on the space of 
sections of D. The above bilinear form on the space of vector fields orthogonal to 
N is given by Z2^n{x, y) = Ric(a;, y) — Ric(A^, A^) g{x, y) . 

Example 4 (a) If D and D-^ are curvature invariant, then RiCj(D,D^) = 
{i = 1,2), hence D is critical for I^- (A distribution D is called curvature 
invariant if R{x, y)z G D for all x,y,z & D.) 

(b) For Einstein manifold of non-constant sectional curvature, any "op- 
timally placed" two-dimensional distribution consists of planes with maximal 
or minimal curvature. To see this, one may use the following characteristic 
property of Einstein 4-manifolds among Riemannian manifolds {M^,g): "the 
sectional curvature K{Q) = K{Q-^) for any 2-plane Q", see Corollary 1.129 
in [T]. (Hence, the product 5*^(1) x HI^(— 1) is not Einstein manifold, namely, 
Ric(ei,ei) = 1, Ric(e3,e3) = -1 when ci G TS^, eg G TIf.) 

The co-nullity tensor C : x D ^ D of a distribution D assigns to a pair 
(^,x), X being tangent and ^ normal to D, the tangent (to D) component of the 
vector field V^;^. 
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The 2k-th mean curvature of a distribution is the integral 



^2k{Diq)) = — ttI-tt / ^2kiCi^, ■)) dco, for all q G M. 

The same formula determines cr2k-i{D{q)) = 0. Denote by C^^j=g{C^ei,ej) and 
Ci^p=g{C:^ec,,ep), where the linear operators C° : Rpi ^ and Q : M^^ _^ 
correspond to co-nullity tensors Ci of at g G M. 

Proposition 3 Let Di, dim Di = pi {i = 1,2) be a pair of complementary or- 
thogonal distributions on a compact Riemannian manifold (M, g) . Then 



Ik = 2 (T2pi) + a2p2)c?vol. 
Jm 

The extremal values of Ik can be used for estimation of the total energy and 
bending of a distribution or a vector field. 

We can regard the distribution Di as the map : M ^ G{pi, M) (section of 
the Grassmann bundle G{pi,M) = Ug^MG{pi,TgM)), where Di{q) = eiA - ■ -ACpj 
and D2{q) = Cp^+i A ■ • ■ A are the p^-vectors determined locally by Di{q) and 
D2{q), resp. For a map between Riemannian spaces f : M ^ {M,g), the energy 
is defined to be S{f) = \ f^j X]T=i di^ f{ea), d f{ea)) dvol (see p]). The corrected 
energy of a p2-dimensional distribution D2 on a (pi+p2)-dimensional Riemannian 
manifold (M, g) is defined in [2] as 

V{D2)= [ \VeM'+Pl{Pl-2)m'+p^\H2\'dY0l, 

where \dD2\ is calculated from the definition of Sasaki metric gs'- 

gs{dD2{ea), dD2{ea)) = V \g{ea, e„) + g{VeA ^^eM] 

a=l ' a=l 



and H, = E JE. C,%) ea, H2 = E.(E„ J If D2 is integrable, 
then V{D2) > /^^^^ -ft'1,2 vol, P]. Similarly, we define the total bending B{D2) = 
On fj^j IV-D2P dvol, where c„ is a constant. 

Proposition 4 T/ie tote/ bending of a pi- dimensional distribution Di on a [pi + 
P2)- dimensional Riemannian manifold M satisfies the inequality 

B{D{)>cJ a2{C^) + ^y^a2{C^)dvo\ (19) 

i/ifli /or pi = P2 = P takes the form B{Di) > Ik- 
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3 Proof of results 

Proof of Proposition [H The partial Ricci curvature in local coordinates is 

Rici{g)ij = \ Y,ai3 9'^^{9ia,jP + 9ja,iii " 9ij,ai3 " 9ai3,ij) + Qi{9 , dg), 
Ric2(5')a/3 = I 9'K9ai,pj + 9f)i,aj " 9ap,ij - 9ij,ap) + ^2(5', ^5^), 

where 

gab jg 

the inverse of gab and Qi is a function of g and its derivatives, and is 
homogeneous of degree 2 in the first derivatives of g. Since gi^ = 0, we obtain 

Rici{g)ij = -i J2afi 9''^{9ij,a^ + 9ap,ij) + Qi{9, dg), .20) 

Assume that g has the form g = X] 1=1 + X] b<n ^bbxf^ dx" © fix". Then ga^aa = 
2cq,q, (yfaa^ii = 2 Qj. Substituting in (120|) and using ([1]), we get at O 

P2Cii+ C«„ = Tii {l<i< pi), PlCaa+y^^.Cii = T^a {Pl < Ot < Tl) . (21) 

The summing of first p\ equations and last p2 ones in f l2T]) yields pi Cq,q + 
P2EiCn = ^, where K = Y^iKp^Tu = Y.ayp^'^^a- The linear system ([21]) 
consists of n equations and the same number of variables, its rank < n. It is easily 
seen that, for instance, Cu = Tii/p2 {I < i < Pi) and Caa = (Taa — K / P2) / pi {pi < 
a < n) is a solution (satisfying ^^Caa = 0). The tensor g is positive definite at 
O when C > is large enough. □ 

Proof of Proposition [2j Define a metric ^ on M by ^ = e'^g, where 
ip = — 21og0. The connections V and V of g and g are related by |1] VxV = 
V xV + y + yi^ip) X — g{x, y)Vip)- Let R be the curvature tensor of g. Using 

known formulae (see, for example, [1]) we obtain 

y)y = R{x, y)y + ]^{g{h^{x),y)y - g{h^{y),y)x - \y\^h^{x)) 

+\{[y{i^f - Iz/nVV^Hx + [x(^)y(V^) - ym^i^?]y + bl'VV^), (22) 

where x G -02,2/ ^ -^i, hence g{x,y) = 0. If 2; is a gf-unit vector then z = ze'^^"^ 
is a ^-unit vector. From this and fl22l) . using adapted orthonormal base {ei,ea}, 
one may deduce the relation between partial Ricci curvatures in both metrics 

Rici(eA, cb) = Rici(eA, e^) - ^{Sab g{h^{ea), e„) + p2g{h^{eA), es)) 

+7(E ^")' - P2I VV^|2]5Aij + P2^(V^, e^) g{Vi:, cb)). 

In matrix notation, this reads as 

I^ci = Rici-^((A(2V)(7 + P2M+^(0v('Vl'-P2|V^P](7 + P2^?(V.^,V.7A)) 

(23) 



11 



where V^^-* and A*^^^ are Z}2-gradient and Z}2-laplacian of a function. 

To short the formulae, we will turn back to the function = 1/0^. In 
this case Vip = -|V0, h^{eA,eB) = ^ 5'(Ve^0, Ves^) - | /i<^(eA, e^), A^^V = 
^ |V^^VP — I^^^V; etc. Substituting above equalities in f l25]) . we obtain 

RTci - Rici = - (^1 V(2)0r - ^ A^'V)^? - P2(^^7(V.0, V.0) - i V) 

that is simplified to ([2]). The formula for D2 is proved similarly. By K12 = 
0^ ^ •<p^Rici(ej, Cj), ([3]) is the result of the trace operation applied to ([2]). □ 

Proof of Corollary [H Define the function u = 0i~PiP2/n Then = 
and A»0 = 7mT-iaWm + 7(7 - 1) u^-'^\V'^^u\^ {i = 1, 2), |V0p = 7V^-2| Vwp. 
Substituting in ([3]), we obtain (jl]). □ 

Proof of Theorem [H a) The compatibility condition for (Pi) is pi/i = ^2/2- 
Observe that g = g/cf^ = g/{(j)F)'^ = g/^p"^, where g is the Euclidean metric, and 
ip = (j)F. In view of Rici = Ric2 = for g, we have, see ([2]), 

Rici = [p2<ph^ + (v? A^^V -P2 |Vv3 1^)5'] /v2^ 

Rrc2= [pi<^/i^+ (<^A(iV-Pi|V<^|')(7]/^'. (24) 

Since T]^?^ = Ricfci/)^. {k = 1,2), we obtain 

f "^fig = P2V K + {v A^^V - P2 I Vv^^fi- on L>i, 
^ ^26' = Pi'^ K + A*^^V - Pi I Vv^Hfi- on D2. 
Hence, the problem is reduced to studying the following system of PDE's: 

P2'P,x,x, = v^/i - A^^V +P2 |Vv3 iVv'' i<Pi 
PiV^.xcx, = V5/2 - A^^V + Pi |Vv? iVv^. a>Pi, (25) 
f,xt,xm = 0, 1 < /c ^ m < n. 

From the last equation of fl2^ we conclude that ip = ^2^=1 4'k{xk)- From the first 
two equations of f l25]) we deduce (p'l^Xi) = 2ai G M for all i < pi and ^^(xq,) = 
2a2 e M for all a > pi. Therefore, (p = Y.i<pS^^^'i + ^»^«) + a>pi ('^22;^ + 
feaXa) + c, where 6fc,c G M. We also have A^^V = 2aipi and A^^V = 202^2- 
Hence the first two equations of (125|) are reduced to 

2p2(ai + 02) = V^/i +P2 iVv^lVv^^ 2pi(ai + 03) = ^fi+Pi \V(p>\^/ip>. 

Comparing them, we see that the equality pifi = P2/2 (= 0^-^1,2) is necessary 
for the solution existence. In view of | Vy^p — 2(ai + a2)'p> = A — 2(a2 — cii) /i, we 
obtain /i and /2, as required. 
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If aia2 < and af + a"^ + J2k ^fc > then the set {0 = 0} of singularities of 
g is non-empty (and can be exphcitly described). If aia2 > then the inequahty 
(f) > means that the discriminant of a quadratic equation is negative. 

b) The proof is similar to the previous one. The compatibility condition for 
(P2) is (1 — p2/2)pi/i = (1 —^1/2)^2/2- The problem is reduced to the following 
system of PDE's: 

P2^,x,x, = v^/i - A^^V + P2 iVv^lV'/' + ^i,2/(2v2), i<Pi 
Pi^,x^x^ = ^f2 - A^^V + Pi I V<^| V<^ + ^i,2/(2<^), a > pi, (26) 
^,x,x^ = 0, l<k^m<n, 

where (p = Fcp. From the last equation of fl2Bl) we conclude that (p = Ylk=i 4>k{xk)- 
Moreover, from the first two equations of fl2Bl) we deduce '^'[{xi) = 2ai G M for all 
i < Pi and ip'^{xa) = 2a2 £ K for all a > pi. Therefore, ip = X] j<pi('^i^i + biXi) + 
J2 a>pii'^'2^a + baXa) + c, wherc fofc, c G M. We also calculate A^^V = 2aipi and 
A'^^V = 2a2P2- Hence the first two equations of (l26l) are reduced to the equations 



In view of iVy^P — 2(ai + a2)ip = A — 2(a2 — ai) fi{x), we obtain fi as required. □ 

Proof of Corollary [21 a) We set F = 1 and obtain 0, /i,/2 as in the 
proof of Theorem [H Assume that ai = a2 = a (see Example [T]). Then we have 

4> = Yl'i=ki^^l + bkXk) + c, and /i = -p2A/0^ /2 = Ki^2 = -P1P2A . 

If A < then a ^ and > 0. Namely, > c - ^ 6^ > 0, if a > 0, and 
< c + ^ 6^ < 0, if a < 0. Let A = 0. If a 7^ then = has a unique 
solution at a; = — (&i, . . . &„)/(2a), hence g has one singular point. If a = then 
bk = 0. Hence = c and g reduces to a homothety. 

Now let A > 0. If a = then there is ko such that bkg 7^ and vanishes on 
the hyperplane {J2k bkXk) + c = - a singularity set of ^. If a 7^ then vanishes 
on the (n — l)-dimensional sphere, centered at 5: = —(61, . . . 6„)/(2a) with radius 
\/X/{2\a\) - a singularity set of g. 

b) The proof is similar to the previous one. □ 

Proof of Theorem [2j a) We set g = g / (j)"^ = g/{(l)F)'^ = g/(p'^, where g is 
the Euchdean metric, and (p = (pF. From ([I]) (a), in view of Rici = Ric2 = 
for g, we have ([21]). Hence, the problem reduces to studying the following system 
of differential equations: 



2p2(ai + a2)^ = ^^fi + P2 I V(^P + Ki,2/2, 
2pi{a, + a2)^ = (^^2 + Pi |V<^P + ^1,2/2. 



Pl'^,x^x^ 



'^,XkX, 



V?/- - A(2)<^ + P2|V<^|V<^, i<pi, 
0, 1 < k ^ m < n, 



(27) 
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From the third equation of (127|) we conclude that ^ = Yl^=i'Ps{xs), which sub- 
stituted in the first two equations gives 

P20i'(a;i) = (pfi - A^^V + P2 \V(p\'^/(p, i < pi, 

= ^U- A«(^ + pi I V<^| V<^, a > pi, (28) 

where fi = fi{xk), fa = fa{xk). As a consequence of (128|) we have 

P2{(p'l{Xk) - (PiiXi)) = (fiifk - fi), i < Pu 
Pi{KM-(t)"p{xp)) = ip{fa-fp), a,P>p^, (29) 

and then 

From fl5Ul) i (not all fi are equal), in view of pi,P2 > 3, we deduce that ip is the 
function of Xk only, i.e., ip = 4>k{xk)- Next, from (129|) 9 we obtain = //j (Va, /3) 
and fi = fk —p24>'k/4>k (Vi ^ k). Then we calculate |Vv5p = 0^^, A'^-'^V = (p'l and 
A(2)(^ = 0. Hence, fk = P2^^^^ = P2(log0fe)". Assuming fk = P2U"{xk) we 
immediately obtain 0^ = e^'^^''^ and (j) = ip/ F = ^e^^^^'^ that is required. Next, 
we confirm that fi = —p2U''^ [i ^ k) and /„ = U" — {pi — l)f/'^. One may verify 
that the compatibility condition for T, fk + {pi — l)fi = P2fa holds, is satisfied. 
Finally, K,,2 = ^'P2fa = P2e'''[U" - {pi-l)U'']. 

b) The proof is similar to the previous one. The problem is reduced to studying 
the system 

P2^,x,x, = A(2V + P2|Vv5|Vv5 + ^i,2/(2v?), i<Pi, 

Pi0,x.x. = ^fa - A^^V + Pi I V<^| V<^ + ^i,2/(2<^), a > Pi, (31) 
0,xfcx„ = 0, 1 < k m < n. 

As in the case a) we obtain = Yl^=i (f^sixg), and 

P2^i{x^) = ipfi{Xk) - A(2)(^ + p2 I V</?| V(/? + ^i,2/(2</?), i<pi, 
Pl(j)'^{Xa) = ^fa{Xk) - A^^V + Pi I V^l + ^i,2/(2<^), a > pi. (32) 

As a consequence of ([32]) we again have fl2^ . fl5Ul) . Similarly to case a), we 
conclude that ip = (pk{xk)- Next, from (l29i) we obtain /„ = (Va,/3) and 
/« = fk — P20fc/0fc C^^ 7^ Then we calculate |Vy?p = 0';.^, A*^^V = 0fc 
A*^^V = 0. Hence, Ki^2{x) = P2[4>k4>k — Pift^'k']- From (l32l) with i = k we obtain 

^ = S [('^'/cV. - 01') - (0'.'0. - Pi0l')/2] = ^[(log0.)" + (Pi - l)(0;/0.)']. 
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Assuming 0^ = e^'^^''^ we immediately obtain = \p2iU" + (pi — l)f/'^) that 
is required. Next, we obtain /j = —\p2iU" — {pi—3)U'^) [i 7^ k) and = 
\{P2 - 2)[-f/" + (pi - l)f/'']. One may verify that the compatibihty condition 
for T, (1 - P2l2)[h + {Pi - l)fi] = (1 - Pi/2)p2fa, is satisfied. □ 
Proof of Corollary [3l We consider F = 1 and apply the arguments similar 
to those of Theorem |2l The metric g, satisfying (j){xk) < C, is complete, since 
there exists a constant m > 0, such that |f |g > m\v\ for any f G M". □ 

Proof of Theorem [3l a) We set if = F(j), and as in the proof of Theorem |2l 
obtain ip = J2^=i^s{xs). Similarly to the proof of Theorem [21 we deduce f l2S]) - 
dSni), where fi = fi{xk,xs), fa = fa{xk,xs). From these (not all fi, are equal), 
in view of pi,p2 > 3, we have that is the function of Xk, xs only, i.e., ip = u + v, 
where u = <pk{xk) and v = (j)s{xs)- Hence 

fa = fs-Piw"/{u + v) i^ay^S), U = fk-P2u"/{u + v) I ^ k) . (33) 

Then we find jVy^p = -u'^ + f'^, A^^^^p = u" and /S.^'^^ip = w". Hence, the functions 



u, V satisfy the system f[TT|) . The compatibility condition for T, 

P2{pi - l)u" -pi{p2 - l)w" = {pifk - P2fs){u + v) (34) 

that is the linear combination of equations in f lTT]) with coefficients pi and p2- 

b) As in proof of the case a), we conclude that ip = J2^=i 0s (^s)- Similarly to 
the proof of case a), we deduce fl25]) - fl5(I]) . As a consequence of these we have, 
where fi = fi{xk,xs), fa = fa{xk,xs)- As in a), we deduce that ip is the function 
of Xk,xs only, i.e., ip = u + v, where u = 4>k{xk), v = (f)s{xs)- Next, we obtain 
(pj). Then we calculate |V^p = u'^ + v'^, A^^V = u" and A^^^ip = w". The 
mixed scalar curvature is K12 = {u + v){p2u" + piw") — piP2{u''^ + v''^)- Hence, 
the functions u, v satisfy the nonlinear system f[T2]) . The compatibility condition 
for T takes the form p2{pi — l)(pi — 2)m" — piP2{p2 — 2)10" = (pi(pi — 2)fk — 
P2{P2 — '2)f5){u + v) that is the linear combination of equations in f lT2|) . □ 

Lemma A [7] Assume ip{xi, . . . ,Xp), p> 3, is a non-vanishing differentiable 
function that satisfies a system of equations 

= fij V?, i h (35) 

where fij = fji is a differentiable function of Xi and xj. Assume there is an 
open subset V C MP, where all fij do not vanish. Then there is an open dense 
subset of V where Yli f.i does not vanish. On each connected component of this 
subset, there exist differentiable functions Ui{xi) 7^ {i = l,...,p) such that 
fij = Ui{xi) Uj{xj), 1 <i^j <p. 
Lemma B [7J A non-vanishing differentiable function ip{xi, . . . ,Xp), p >3, 



is a solution to 



- ^ = {i j) ^ if = a e^j=i ^'^+66 ^j=i , 
ip^ij+ifi = (i^j) ^ ip = acos{Y,%iXj)-bsm{Y^^.^^ 



Xj)., 
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where a, 6 G M and a'^ + b'^ > 0. 

Proof of Theorem |4j We set g = g/cj)^ = g/{(f)FY = g/^'^, where g is 
the Euclidean metric, and (f = (pF. From ([I]) (a), ([2]), in view of Ric, = for g, 
we have fl24l) . By conditions, we get the system of PDE's 

P2^,x,x, = iffii- A^^^ip+p2\Vip\'^/ip {i<Pi), 

PiV5,xc.xc = V^/aa - '^^^V + Pi|Vv5|Vv5 (a>Pi)> (36) 

P2 ^,x,x, = fij ^ (1 < « ^ j < Pi), 

Pi^,x^x^ = fap^ {pi < a ^ ^ <n), 
^,x,x^ =0 {I <i <pi, Pi < a <n). 



Since T is non-diagonal, there is a pair icJo (assume them < pi) such that 
fiojo 7^ on an open set Vi C V . From ([361)3,4, since fij are functions of two 
variables, and pi,P2 > 3, it follows 

fij^,k = fikVd = fjk^,i (= V^.ijfcM), for aU i,j, k distinct. (37) 

If /jgfc = on Vi, for all k distinct from io and jo, then we may assume (under a 
change of indices) that /i2(a^i,a;2) 7^ and fik = for 3 << k < n on Vi. We 
have /i2V5,Q = 'f,i2a = i'f,ia),2 = 0, moreover, by dSTj), /i2V?,i = fii'f,2 = f2i^,i- 
Hence, (p^k = f2k = for all 2 < k < n. 

Observe that i and if ^2 cannot be zero on any open subset of Vi, otherwise we 
would have <^,i2 = fi2f/p2 = 0. This is a contradiction since (p is a non- vanishing 
function. Therefore, there exists an open subset V2 C Vi, where (f^i 7^ and 
ip^2 7^ 0. Hence, f2k = on V2 for all A; > 3. From (1371) we get f2j^,k = fjkf,2, 
for 3 < j 7^ A; < Pi and therefore fjk = on V2. Differentiating (jSHJs, yields 
fai3f,i = Pif,ai3i = 0, and using ip^i 7^ 0, we conclude that fais = for all 
Pi < a 7^ /3 < 72 on V2. 

Finally, we have that ip depends on xi and X2 only, and is a solution to the 
PDE ip,xix2 = (/i2/P2)</2 in the (xi, a;2)-plane. Moreover, fl36l) i 9 determine the 
diagonal elements of T which will depend on {xi,X2) only. 

Otherwise , there exist distinct indices i,j,k (assume them < pi) such that 
fij and fik do not vanish on an open subset Vi of V. Observe that ^ and (pj 
cannot be zero on any open subset of U, since if is a non- vanishing differentiable 
function, see (El^s- Let V2 C V^i be an open subset where 99 ^ 7^ and ipj 7^ 0. 
It follows from ( ISTj) . fjk 7^ and 7^ on V2. By reordering the variables, if 
necessary, we may consider i = 1 and fij 7^ 0, on an open subset V3 C V2, for all 
j, such that 2 < j < p, where p is an integer 3 < p < pi and fis = 0, on V3 for 
p + 1 < s < n. Since, <y9 is a non-vanishing function, there is an open subset V4 
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of V3, where ip^j 7^ for j = 1, . . . ,p. It follows from (ITTI) that on V4, 
fijV,k = fjk'f,!, j ^k, 2<j,k< p, 

fl2^P,s = fls'-P,2, p + I < s < n, 

fkjV,s = fsj^,k, j ^ k, 2<j,k<p, p + l< s<n, 
fks'f,r = fsr'f,k, s^r, p+1 < s,r <n. 

From the first equality we get that fjk = on V4. From the second one we 
conclude that <y9 = on V4. It follows from the third one that fsj = and 
from the last equality we conclude that fsr = on V4. Hence, ip depends on the 
variables xi, . . . ,Xp, and it satisfies the differential equation fl36|) '^ for 1 < i 7^ 
j < p , where all fij do not vanish on V4. It follows from Lemma A that, on each 
connected component W C V4, where I < i j < Yli^j^k fijV,k 7^ 0, there exist 
nonconstant differentiable functions Ui{xi), 1 < i < p such that 

f,,/p2 = e U[{x,) U;ix,), l<i^3<Pi- 

where e = lor£: = — 1 for all i ^ j. We now consider on W the change of 
variables Ui = Ui{xi). In this new coordinates (p{yi, . . . ,yp) satisfies PDE's 

^y^yj = ^ V'' fo^^ all i ^ j. 

Lemma B implies that cp is given by f[T^ or f[T^ on W, according to the value of 
e. Moreover, the diagonal elements of the tensor T, determined 
by ( l36|) i . In both cases, one can extend the domain of to a subset of V where 
the functions Ui are defined and p does not vanish. The converse in both cases 
is a straightforward computation. □ 
Proof of Corollary HJ For all cases (i)-(iv) we define u = p^^P^P'^l'^ . 

(i) By Theorem [T|, the mixed scalar curvature for the metric g is K12 = 
— PiP2[A + 2(02 — cii) fJ'{x)]. Substituting in (jlj) with = 0, we get ( IT5|) . 

(ii) It follows from ([lOD(a) that ^1,2 = p2e'^^[U" - (j9i-l)f/'^] for the metric 
g of Theorem [21 Similarly to (i), we obtain f|T5|) . 

(iii) It follows from ( !TT|) (a) that K12 = {v + w){p2v"+piw") — piP2{v''^ +w''^) 
for the metric g of Theorem El Similarly to (i), we obtain fllSp . 

(iv) Using = Uliaf - bf-^) and = iU'! + f/f )(a/ - hf-^), we get 
IV^P = E,- t^f K - bf-y and = Y.,iU^ + f^f )(«/ " ^Z"')- From m 
we get the required K12 for g of Theorem HI Hence u satisfies f[T^ . □ 

Next we will prove results of Section [21 

Given pi-dimensional plane Di in M", denote by U{Di) the set of all pi- 
dimensional planes of M" uniquely projecting onto Di. Taking orthonormal basis 

(1 < i < pi) of -Di, and extending it to orthonormal basis Cj (1 < i < n) 
of M", we represent any D G U{Di) as a linear graph over Di with values in 
orthogonal complement, i.e., by the system Xj = Xlfii (Pi < J ^ ""■)• The 
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PiP2 elements of the matrix A = (aji) can be chosen as local coordinates on real 
Grassmannian Gp^(M"') in a neighborhood U{Di), in particular, dim Gp^(M"') = 
PiP2- To any one-parameter variation -Di(s) of Di there corresponds the matrix- 
function A{s) = (ajj(s)). Assuming A{s) of a class with Ai = {dA/ds){0) 
and A2 = {d^A/ds^){0), we have A{s) = sAi + \s'^A2 + o(s2). For ID e U{Di), 
the stationary values < ai < . . . < < n/2 of angle between unit vectors 
in D and Di are called the angles between these planes. It is known that there 
exist ortho normal bases Cj (1 < i < pi) of Di and Cj (1 < j < Pi) of D such 
that (cj, Cj) = cos ai6ij (the property can be taken as the definition of angles ai). 
The angles (1 < i < pi) determine the relative position of two pi-dimensional 
planes in M", and p{D, Di) = (Yl'iLi '^iY^'^ is the distance. 

Let pi < P2. Choosing the basis, one may represent a variation Di{s) of 
Di using the matrix A{s) = sAi + ^s'^A2 + o{S'^), where Ai consists of a^|'' = 
6ji cosoj (1 < i < pi, pi < j < n). 

Proof of Theorem [51 Let : M — M be a smooth nonnegative function 
with a local support V C M. Assume that pi < p2. Due to discussion above, 
any variation Z)i(s) < £:) on can be represented by orthogonal vector fields 
ej(s) = Cicos^suiip) + ^iSm{soJiip), where Cj {i < pi) is orthonormal basis of 
-^11^5 (j ^ P2) orthonormal basis in D2 = on V, and > (i < pi) 
are real numbers. Set ^j(s) = cos(s — sin(s yj) for 1 < i < pi and 
ij{s) = for pi < j < n. Indeed, ^j(s) (1 < j < P2) span Di{s)-^ on V. We 
have ^(0) = ipuiC.i and ^(0) = -ipUiCi on V for i < pi. 

We extend distributions outside of V as -Di(s) = Di and define I{s) = 
Ik{Di{s)) for all s. The mixed scalar curvature of -Di(s) over \^ is 

Ki-s) := KiD,is),Diis)) = J^'^ 9iR{e^is),Qis))Us),e^is)). 

' '1=1 ' 'J = L 

Derivation by s at s = (using symmetries of curvature tensor) yields on V 
£K{s)\s=o = '^^YlZ=i^9{R{ehQ^j,ujS) + 9{R{ei,^j){-ujjej),ei)] 

Notice that K{s) = K{0) outside of V. Hence 

/'(O) = 2 / (py^^ a;i(Rici -Ric2)(ei,^i)(ivol. 
Jv ^*=i 

Since ej,^j, Ui and cp are arbitrary, from above it follows that D is critical for Ik 
if and only if (Rici — Ric2)(a;, y) = for all x G -D and y -L D, the first part of 
the claim has been proved. 

Assume now that Di is a critical point for Ik. Consider arbitrary variation 
Di{s) {\s\ < e) of Di with a local support V C M. As above, take orthonormal 
basis Ci {i < pi) of Di and orthonormal basis C,i {i < P2) of on V such 
that -Di(s) is spanned by ej(s) and Di{s)^ is spanned by ^j(s) as above, where 
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(y9 : M — i- R a smooth nonnegative function with a support in V. In addition, 
^(0) = -ifi'^ ujf Cj and ^(0) = -(p'^ oof on V for i < pi- The second derivative 
oiK{s) at s = on {K{s) = K{0) outside of V) is 

lh^\^=o = <^ \ E wJ(Rici -Ric2)(0,0) - Et^*^(Rici -Ric2)(ei,ei) 

i=i i=i 

+ 2 ^ uJiUJj[g{R{ei,ej)^i,Q + g{R{ei,Q^i,ej)]}. 

Hence /"(O) = 2 jy^p'^ ^^^=1 ^ijil) vol, where is defined in f|T6l) and 

cuj G M are arbitrary numbers. From above it follows that /"(O) > when the 
form X is quasi-positive. □ 

Proof of Proposition [3l Define the linear operators C2 : D2 ^ D2 by 
C2(e,-) = Ei^Q for e = E^^.e, G Di. Note that p2i^2 = -E.^ilC^e^- 
Hence pHi/^P = E.^?(Q) and = E„,;3 Q./^Q/^^- 

From -g{Ve^ep,ei) = g{e^,Ve^ei) = Cl^^, we get (Ve,e^)T= - EiQa/?^*. 
Hence 

From known identity 2cr2(C2) = cri(C2) — cri((C2)^), it follows from above that 
2 f^2(Q) = p|l^2p+|r2p-|52|2. Similarly, for = EaVaCa we get Ci(r/, ■) = 
EaVaC,"- Thus, 2 E« 0^2(^1") = pf\H,\^ + iTip - and 

2E ^2(c^20+2E ^2(c^r)=Pi'|//i|'+|ri|2-|5i|2+p2|ff2p+|r2p-|52p. (38) 

Using Lemma 1.5 of [9J, we obtain at g G M 

a2pi) + a2p2) = V ^2(^2^ + V a2(C°). (39) 
The integral formula in [llj shows us that 

[K,,, + \B^\^-pf\H^\'-\T,\H\B,\^-p^\H,\^-\T2\'] rfvol = 0, (40) 

where Hi, Ti, Bi are the mean curvature vector, the integrability tensor and the 
2-nd fundamental form of -Dj. The required formula follows from fl38|) - fHOl) . □ 
Proof of Proposition [4l We represent the norm of V-Di using co-nullity 
operators Ci, C2 

Hence |VZ)ip = |VZ^2p- Clearly, this expression does not depend on the adapted 
local orthonormal basis. Let C = {Cij}i<i,j<p be a real matrix of order p > 2. 
An elementary calculation shows that 

ip - 1) E,,(A,)^ = E.<,(a. - c,,Y + E.<,(C'., + c,,y 

+(p-2)E.^,(A,)^ + 2E.<,(a.A.-A,A-.)- ^ ' 
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Note that the last term in equals a2{C). Hence > ^'^2{C). 

Applying this inequality to the matrices and C2, we obtain 

and, in view of gl]), | VDip > -A_ ^2(^1") + ^ ^^a2(Q). From that the 
inequality flTI?]) follows. □ 
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